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Abstract
When using dimensional regularization, the bare couplings are ex-
pressed as a power series in (2 − n/2)−1 where n is the number of
dimensions. It is shown how the renormalization group can be used
to sum the leading pole, next to leading pole etc. contributions to
these sums in scalar electrodynamics (or any theory with multiple
couplings.)
In scalar electrodynamics, the two coupling constants are the quar-
tic scalar coupling λ and the square of the electric charge α = e2.
These renormalized couplings are related to their bare counterparts
by the equations
λB = µ
2ǫλ
∞∑
ν=0
a
(λ)
ν (λ, α)
ǫν
(1)
αB = µ
2ǫα
∞∑
ν=0
a
(α)
ν (λ, α)
ǫν
(2)
where ǫ = 2−n/2 and µ2 is a dimensionful parameter needed to ensure
that λ and α are dimensionless in n dimensions [1]. These functions
a
(λ)
ν and a
(α)
ν can themselves be expanded
a(g)ν (λ, α) =
∞∑
n=ν
n∑
m=0
a
(g)ν
n−m,mλ
n−mαm (3)
where g is either λ or α.
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As the bare couplings are independent of µ2, variations of µ2 are
to be compensated by changes in λ and α so that the renormalization
group (RG) equations(
µ2
∂
∂µ2
+ µ2
∂λ
∂µ2
+ µ2
∂α
∂µ2
)
gB = 0 (4)
are satisfied. The RG functions are
β˜(g)(λ, α) = µ2
∂g
∂µ2
= −ǫg + β(g)(λ, α) (5)
in the renormalization scheme in which
a
(g)
0 (λ, α) = 1; (6)
this is the ”minimal subtraction” (MS) scheme. The functions β(λ)
and β(α) have the expansions
β(g) =
∞∑
n=2
β(g)n (7)
where
β(g)n =
n∑
m=0
b
(g)
n−m,mλ
n−mαm (8)
A discussion of the relationship between the bare and renormalized
couplings in the simpler case in which there is a single coupling appears
in [2, 3]. We now extend this analysis to scalar electrodynamics using
methods similar to those employed in the effective potential [4] and
the kinetic term [5] in the effective action.
The first step is to define
p
(g)l
n+l =
n+l∑
m=0
a
(g)
n+l−m,mλ
n+l−mαm (9)
so that by eqs.(1,3)
gB = µ
2ǫg
∞∑
n=0
∞∑
l=0
p
(g)l
n+lǫ
−l. (10)
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Using eqs.(9,10), eq.(4) becomes[
µ2
∂
∂µ2
+ (−ǫλ+
∞∑
n=2
β(λ)n )
∂
∂λ
+ (−ǫα+
∞∑
n=2
β(α)n )
∂
∂α
]
[
gµ2ǫ
∞∑
l=0
∞∑
n=0
p
(g)l
n+lǫ
−l
]
= 0. (11)
The term in eq.(10) of order ǫ is automatically satisfied if p
(g)0
n = δn,0.
Specializing to the case g = λ (g = α can be treated the same way)we
find that eq.(10) reduces to
∞∑
l=0
∞∑
n=0
ǫ−l
[
−λ(λ
∂
∂λ
+ α
∂
∂α
)p
(λ)l+1
n+l+1
+
∞∑
p=2
(
β(λ)p (1 + λ
∂
∂λ
) + βαp λ
∂
∂α
)
p
(λ)l
n+l

 = 0. (12)
Upon defining
S(λ)n =
∞∑
l=0
p
(λ)l
n+lǫ
−l (13)
then the sum of the ’leading poles’ (LP) is given by S
(λ)
0 , the ’next to
leading poles’ (NLP) is given by S
(λ)
1 etc.
If now we define ξ ≡ λ/ǫ, ζ ≡ α/ǫ, then by eqs.(11,12,13) it follows
that if eq.(12) is satisfied at each order in the couplings then
− ξ
(
ξ
∂
∂ξ
+ ζ
∂
∂ζ
)
S(λ)n (ξ, ζ)
+
n∑
k=0
(
β
(λ)
n+2−k
(
1 + ξ
∂
∂ξ
)
+ β
(α)
n+2−kξ
∂
∂ζ
)
S
(λ)
k (ξ, ζ) = 0. (14)
For n = 0, eq.(14) becomes[
(β
(λ)
2 ξ − ξ
2)
∂
∂ξ
+ (β
(α)
2 ξ − ξζ)
∂
∂ζ
+ βλ2
]
Sλ0 = 0. (15)
This equation can be solved using the method of characteristics [4, 5].
We begin by rewritting eq.(15) as[
∂
∂ζ
+
β
(λ)
2 − ξ
β
(α)
2 − ζ
∂
∂ξ
+
β
(λ)
2
β
(α
2 ξ − ξζ
]
S
(λ)
0 (ξ, ζ) = 0 (16)
3
and then introducing the auxiliary function ξ¯(ζ) so that
dξ¯(ζ)
dζ
=
β
(λ)
2 (ξ¯(ζ), ζ)− ξ¯(ζ)
β
(α)
2 (ξ¯(ζ), ζ)− ζ
(17)
with ξ¯(0) = ξ. Eq. (16) then becomes
[
d
dζ
+
β
(λ)
2 (ξ¯(ζ), ζ)
[β
(α)
2 (ξ¯(ζ), ζ)− ζ]ξ¯(ζ)
]
S
(λ)
0 (ξ¯(ζ), ζ) = 0. (18)
with ξ¯(0) = ξ.
Eq. (18) has a solution
S
(λ)
0 = exp
(
−
∫ ζ
0
dη
β
(λ)
2 (ξ¯(η), η)
[β
(α)
2 (ξ¯(η), η) − η]ξ¯(η)
)
S
(λ)
0 (ξ¯(0), 0). (19)
For S
(λ)
0 (ξ¯(0), 0) = S
(λ)
0 (ξ, 0) ≡ σ0(ξ), we impose the condition that
this boundary term be given by the LP term in a scalar theory with a
complex scalar field. (That is, we ’turn off’ the electric charge in this
limiting case.)
In this simpler model [1], we have
µ2
∂λ
∂µ2
= β˜(λ) = −ǫλ+
∞∑
n=2
bnλ
n
≡ −ǫλ+ β(λ) (20)
and (
µ2
∂
∂µ2
+ β˜(λ)
∂
∂λ
)
λB = 0 (21)
with
λB = µ
2ǫλ
∞∑
n=0
n∑
m=0
an−m,mλ
n−mǫ−m = µ2ǫλ
∞∑
n=0
λnσn(ξ) (22)
where an,0 = δn,0 and σn(ξ) ≡
∑
∞
m=0 an+m,m(λ/ǫ)
m. Together,
eqs. (20-22) show that for n = 1, 2, ...
(1− n)σn−1 − ξσ
′
n−1 +
n+1∑
k=2
ξbk
[
(n+ 2− k)σn+1−k + ξσ
′
n+1−k
]
= 0,
(23)
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so that if n = 1
− (1− b2ξ)σ
′
0 + b2σ0 = 0. (24)
When using MS σn(0) = δn,0; with this boundary condition, eq.
(24) has the solution
σ0(ξ) = (1− b2ξ)
−1 (25)
which we take to be the function S
(λ)
0 (ξ¯(0), 0) in eq. (19).
Similarly, one can find S
(α)
0 (ξ, η).
When n=1, eq. (14) yields
− ξ
(
ξ
∂
∂ξ
+ ζ
∂
∂ζ
)
S
(λ)
1 +
(
β
(λ)
3 (1 + ξ
∂
∂ξ
) + β
(α)
3 ξ
∂
∂ζ
)
S
(λ)
0
+
(
β
(λ)
2 (1 + ξ
∂
∂ξ
) + β
(α)
2 ξ
∂
∂ζ
)
S
(λ)
1 = 0. (26)
Again introducing the auxiliary function ξ¯(ζ) of eq. (17), eq. (26)
becomes (
d
dζ
+
β
(λ)
2
(β
(α)
2 − ζ)ξ¯
)
S
(λ)
1
+
1
(β
(α)
2 − ζ)ξ¯
(
β
(λ)
3 (1 + ξ¯
∂
∂ξ¯
) + β
(α)
3 ξ¯
∂
∂ζ
)
S
(λ)
0 = 0. (27)
This equation has the solution
Sλ1 (ξ¯(η), η) = exp
(
−
∫ η
0
dτp(τ)
) [∫ η
0
e
∫
τ
0
dτ
′
p(τ
′
)q(τ)dτ + σ1(ξ)
]
(28)
where
p(τ) = β
(λ)
2 (ξ¯(τ), τ)
[
(β
(α)
2 (ξ¯(τ), τ) − τ)ξ¯(τ)
]
−1
(29)
and
q(τ) =
−1
(β
(α)
2 − τ)ξ¯
[
β
(λ)
3 (1 + ξ¯
∂
∂ξ¯
) + β
(α)
3 ξ¯
∂
∂τ
]
S
(λ)
0 (ξ¯(τ), τ) (30)
when we have the boundary condition S
(λ)
1 (ξ¯(0), 0) = σ1(ξ).
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From eq. (23), it is possible to show that when n = 2
− σ1 − ξσ
′
1 + ξb2(2σ1 + ξσ
′
1) + ξb3(σ0 + ξσ
′
0) = 0, (31)
so that
σ1(ξ) =
−b3
b22
[
1
ξ(1− b2ξ)
] [
ln(1− b2ξ) +
1
1− b2ξ
− 1
]
. (32)
So also, S
(λ)
n (η, ζ) can be computed in terms of β
(λ)
2 ..β
(λ)
n+2, β
(α)
2 ..β
(α)
n+2
and σm(ξ) for n > 2. It is easily established by substitution of eqs.
(1,2) into eq. (4) that β(g) itself is fixed by a
(g)
1 .
In [2, 3] it is established that σn → 0 as ξ →∞ (i.e. ǫ→ 0). Since
S
(λ)
n is linear in σ0...σn, we see that the bare couplings will themselves
vanish in our model when the regulating parameter ǫ→ 0, even though
each term in the expansions of eqs. (1,2) diverges in this limit.
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